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Abstract

In this paper, the structural power flow characteristics of cracked Timoshenko beams are presented. The case of an
infinite Timoshenko beam with an open crack is considered. The crack in the Timoshenko beam structure is modeled as a
rotational spring with a constant flexibility which is deduced from the relationship between the strain energy and stress
intensity factor in fracture mechanics. The flexural wave motions of perfect Timoshenko beam and cracked Timoshenko
beam are investigated, then the input power flow and transmitted power flow of perfect and cracked beams are calculated.
The results show that the vibrational power flow of cracked beam is highly related to the location and depth of the crack.
Contours of input power flow with different frequencies are constructed to identify the location and depth of the crack.
This method is very promising for the detection and location of structural damage in the future work.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Due to different causes, cracks are always found in the element of a structure. In order to improve the safety
and reliability of the structure, it is urgent to make early detection and locating of the cracks. For this reason
many damage-detection methods are developed. Non-destructive evaluation methods, such as ultrasonic
testing, X-ray, magnetic field methods, etc., are usually costly and time consuming for the large-scale
structure. The modal-based damage identification methods are utilized widely in recent years. The basic idea is
that the existence of a crack in a structure results in a reduction of stiffness which in turn produces a decrease
in natural frequencies and changes in the modal parameters (mode shapes, modal damping, etc.). Therefore,
changes in the physical properties of a structure will cause detectable changes in the modal properties. Though
this method may have advantages, it possess a number of major disadvantages [1].

In the previous studies, many authors have developed different methods to detect the crack in the beam
structure. Gounaris and Dimarogonas [2] have developed a finite element for a cracked prismatic beam for
structural analysis based on the compliance matrix for the crack. Rizos et al. [3] considered the crack in beam
as a local flexibility and developed a crack detective method by the measured vibration modes to determine the
crack location and depth. Lele and Maiti [4] detected the location of crack in short beams based on frequency
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measurements, taking into account the effects of shear deformation and rotational inertia and representing the
crack by a rotational spring. Krawczuk et al. [5] introduced a finite spectral element of a cracked Timoshenko
beam for modal and elastic wave propagation analysis. In Ref. [6], a method of crack detection in beam is
provided by wavelet analysis of transient flexural wave, and the transient flexural wave propagation was
calculated by the reverberation matrix method.

In recent years, the structure-borne sound analysis and control of flexible structures and cabins of marine-
structures and aeronautical crafts are becoming an important topic. The use of vibrational power flow in a
problem of this type is very valuable. An attempt to decrease the radiation or vibration in a structure by
reducing only the force or velocity amplitude and not considering the relative phase angle may not necessarily
be successful, but an improvement may be ensured by decreasing the net vibrational power applied to a
structure. The premise of the effort proposed here is that damage to a structure will correspond in some way to
changes, though small, in the structure’s damping and stiffness properties and so the vibrational power flow is
influenced by the changes of propagating waves. Li et al. [7-9] has researched the relations of the vibrational
power flow, the position and the characteristic size of the damage in Euler beam structure and the circular
plate structure.

The aim of this paper is to investigate the power flow characteristics of the Timoshenko beam with an open
crack. By considering the crack as a rotational spring, the wave solutions of the perfect Timoshenko beam and
cracked Timoshenko are deduced. The comparison of perfect beam’s power flow and cracked beam’s power
flow characteristics are performed. The relation between the power flow characteristics of the cracked
Timoshenko beam and the crack’s characteristics are discussed in detail.

2. Flexural vibration of Timoshenko beam

By applying Hamilton’s principle, the coupled differential equations for transverse vibration of a uniform
Timoshenko beam with constant cross-section are given by [10]:

pAj — GkA(" — ¢") = f(x, 1), (1)

pldp — EI" — GkA(Y — §) =0, (2)

where a dot indicates partial differentiation with respect to time, and a prime indicates partial differentiation
with respect to x. y is the transverse deflection of the center line of the beam, ¢ the slope of the deflection curve
due to bending deformation, p the mass density, 4, the area of the cross-section, E the modulus of elasticity, /
the moment of inertia, G the shear modulus, k the Timoshenko beam shear coefficient, which is a function of
the Poisson ratio v and the shape of the cross-section [11].

By eliminating ¢ form Egs. (1) and (2) one can get the equation about the transverse displacement y. So the
Timoshenko beam equation of free vibration can be written as:

EIy* + pA,§ — pI(1 + E/KG)Y" + (01 /kG) ¥ = 0, (3)
EI$" + pAsp — pI(1 + E/kG)¢" + (p*I/kG) ¢ = 0. 4)
For harmonic motion, y and ¢ can be written as
(x, 1) = Y(x)e, (5)
P(x, 1) = B(x)e, (6)

where i = /—1, w is the angular frequency. Substituting Eq. (5) into Eq. (3), one can get
YP + (m+n)Y" 4 (mn—p)Y =0, 7
where m = pw?*/E, n = pw*/kG, p = pA,w*|EL
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Define two wavenumbers

TR =D

the general solution of Eq. (7) is of the form:

Y(x) = Ay 4 Be=Fix 4 celkox 4 pe—ikox 9)
Similarly, for the slope of the deflection curve, one can easily derive that:
D(x) = Aqle’”x — Bqle*k"‘ - iquei"'Z" + ique*“‘”, (10)

where ¢, = (k_% + k%) Jki, ¢y = (k_% - k%) /ka, k3 = /n, the constant coefficients 4,B,C,D can be determined by
the boundary conditions of the Timoshenko beam.

From Eq. (8), it can be seen that k, is always real and positive, while k; may be real, zero or imaginary,
depending on the value of w. This leads to the appearance of two spectra in the frequency domain. When
ki = 0, there exists a critical frequency w,, which can be written as

[kGA; 1 [kG
W, = o0 =\ (11)
where r is the radius of gyration.

By substituting Eq. (11) into Eq. (8), the critical wavenumbers are

1 kG
kio=0, ky=—-\/—+1.
1e=0 2 r\/E+

If w<w,, ki is real. It can be seen from Egs. (9) and (10) that one imaginary pair and two real and
symmetric wave components occur. The solution leads to two pair of propagating and evanescent waves.

If w>w,, k; is imaginary. The solutions are two pairs of waves, propagating at two different speeds.

In this paper, the concerned frequencies are limited within the first spectrum of frequencies. So w <w,. and
ky is real.

The bending moment M and shear force Q transmitted through an arbitrary section of the beam are,
respectively,

M(x) = EI®, Q)= GAk(Y — ®). (12)
Considering an infinite Timoshenko beam where the positive wave motion along x direction, one can get
A = C =0, the solution of the beam can be simplified as
Y(x) = Be X% 4 De*2¥  @(x) = —Bg e " + iDg e *2¥,

iwt ;

If a concentrated harmonic force F = Fye'” is applied at the position of x = 0, the boundary conditions are

atx=0:P(x) =0, Qx)=Fy/2. (13)
By substituting the expressions of Y(x) and &(x) into the boundary conditions, one can get:
—Bq, +1Dq, =0,
. : Fo . (14)
—k B+ (—iky —igy))D = ————
(k1 + q))B + (—iky —ig,) 3Gk

The values of B and D can be deduced from the above equations:

__—Fo 5 p— _iFo il

B (15)

So the positive wave solutions of a perfect infinite Timoshenko beam are deduced.
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3. Analysis of the cracked beam

An infinite Timoshenko beam with uniform circular cross-section is considered as shown in Fig. 1. The
beam has a diameter D = 2R and a transverse surface crack of depth a, which is located at distant ¢ from the
position of x = 0. This research assumes the crack is on surface and remains open to avoid nonlinear
problems. Because bending moment is dominant in the beam, all other coupling terms may be neglected, only
the bending flexibility is considered here [2], as can be seen from Fig. 2. For structural mass, the effects of
damage are usually very small and often can be neglected. Thus the crack is represented by a rotational spring.
Because the concentrated harmonic force F = Fye'®’ is applied at the position of x = 0, the cracked beam can
be divided into three segments: the semi-infinite region of x<0, the finite part of 0<x<c¢, the semi-infinite
region of x>¢, and the last two parts are connected by the rotational spring.

The local flexibility of the crack for bending moment in the 5 direction is obtained as [12]:

K; = (4M 7R\ R — & /mnFa(n/h).

where the stress factor intensity

So

32
o m2R®

(R = E)ymnF3(n/h)dn dé. (17)

The geometric function F>(y/h) is [13]:

2h gy 0.923 + 0.199(1 — sin (y /2h))*
Fa(n/h tan (37) : 18
2n/h) = 2h cos (nn/2h) (18)
h being the local height, & = 21/ R> — &2. The accuracy of this geometric function is better than 0.5% for any
n/h [13].
The solutions of the three regions can be written, respectively as,
Y](x) — Aleklx +Ble—k1x + Cleikzx +D16_ik2x,
k i ~ ikox ke XSO, (19)
®i(x) = 419, — Big,e™* —1C1g,e"** + 1D g,e ™",
Ar
, F < > | *a
A A |
v y
(@) —p X (b) EE—

Fig. 1. (a) Infinite perfect beam, (b) infinite cracked beam.

M/’ a1\7 I '\M

(a) (b)

Fig. 2. (a) Model of cracked beam, (b) cross section of the crack.
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Yz(x):Azeklx_FBze*le_*_Czeikzx_'_Dze*ing’

. oo o 0<x<ec, 20
Dy(x) = Arq,eM* — Brg,e MY — iCaq,e*>* + D, qpe 7, rse (20)

Yi(x) = A3ek1(xﬂf) + B3e*k1(X7(?) + C3eik2(x7(?) +D3€7ik2(x7(r)’

@3()6) — A3q16k1('”_c) _ B3qle—k1(x—c) _ ic3qzeik2(x—c) + iD3q2€_ik2(x_c), xz=c. (21)

For the semi-infinite region of x<0, only negative wave exists and reflected wave vanishes, so B; =0,
D, = 0. Similarly, for the semi-infinite region of x> ¢, only positive wave exists and reflected wave vanishes,
Az =0, C3 =0. Thus there are eight unknown coefficients in the above equations.

There are continuous conditions at x = 0:

Yi=Y,, &1=0, M =M, -0 +0,=F,. (22)

At x = ¢, conditions can be introduced which impose continuity of displacement, bending moment and
shear force at the crack location:

Yo=Y; My=M; Q,=0; (23)
The crack is supposed to give rise to a jump in slope [3]. The transition can be written in the following form:
@, + C'EIP, = P5. (24)

Substitution of the expressions of Y;(x),®;(x) (j =1, 2, 3) into the above eight equations yields the
characteristic equations:

1 1 -1 -1 -1 -1 0 0 774, 0

q1 —iq, =4 q ig, —ig, 0 0 G

4 t —h —h —1 —1 0 0 A> 0

o —ity —1 B ity —ity 0 0 B, Gi(: -

0 0 els e’ elle e s | C |~ 0o [
0 0 te’s te’s trells tye il -t -t || D, 0

0 0 —13e's tze7's itqels —itgeito —t il B; 0

0 0 (t7+q)e’ (t—q)e™™ (tg—igy)els (g +ig)e ™ q —ig, | | Ds 0

where 1, = g1k, 1o = @oka, 13 = —ki T q1, la = ky+ @2, 15 = kic, ts = kac, 17 = =k C'EIL 13 = ¢:k, C'EL
So the expressions of 4;, B;, C;, D; (j =1, 2, 3) can be derived from the characteristic equations.

4. Flexural power flow in Timoshenko beam

When the beam structures vibrate in the state of single frequency, the structural power flow input by the
external force propagates to far field continuously. The time-averaged power flow by the point force is [14]

1 1 1 -
P, = ERe(—in0 Y¥) = 3 |Fo|> Re(M) = 3 |Yol> Re(2), (25)

where Re(*) expresses the real part of a complex value, an asterisk denotes the complex conjugate, M, Z, are
the force point mobility and impedance, respectively.

Substituting the expression of Y into the above equation, the input power flow of the perfect Timoshenko
beam is

Py = %Fow Re{—i(Be ™ + De Fry*} = %Fow Re{—i(Be™)*} + %Fow Re{—i(De %)},
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When w<w,., k; and k, are both real, ¢, and ¢, are real as well. So B is real, D is purely imaginary.
Considering x = 0, the input power flow can be written as

1 . 1 . —iFy 9 | Fio Ell
Py, == FooRe{—iD*} =~ Fow Re< — =1k ’
n =73 0w 6{ 1 } 0w C{ 4 Gk A, k1512 +k2q1

2 '2GkA, kg, + kg,

Substituting the expressions of ¢, g, into the above equation, we can get
__F kaki+k)
dpwds ki +ky

in (26)
Similarly, the input power flow of cracked Timoshenko beam can also be calculated.
The transmitted power flow along a beam has two terms: the bending moment times the angular velocity
and the shear force times the velocity. For harmonic analysis, the force and the velocity are described as
complex quantities and as functions of frequency. The flexural velocity and angular velocity are, respectively,

J(x, ) =iwY(x), ¢(x, 1) = iod(x).

The transmitted power flow at any point along a Timoshenko beam is then given by
1 . 1 .
P, = 3 Re(—ioM d*) + 3 Re(—iwQY™). (27)
Because the shear force can also be written as

O(x) = GkA(Y' — ®) = —EID" + pl ®,

the transmitted power flow can be expressed as following form:
1
Py =3 Re{—iw(EI®)0* — io(—EID" — o’ pl®)Y*)}. (28)

Based on above analysis, the input power flow and transmitted power flow of the cracked Timoshenko
beam are functions of position and the characteristic size of the crack. The input power flow and the
transmitted power flow in the cracked beam can be easily measured in practical engineering. The power flow
input into the beam can be directly measured with an impedance head [14]. The bending wave power flow
carried by internal forces Q(x) and M(x) in far field can be measured using a two-accelerometer array or
alternatively using a biaxial accelerometer [15,16]. However, the measurement of power flow in Refs. [15,16] is
based on Euler beam theory. In Ref. [17], for the measurement of bending wave power flow in one-
dimensional structures, the error caused by the omission of shear force and rotating inertia error at high
frequencies was analyzed. In addition, the modified measurement formulas based on Timoshenko beam theory
were given. In this way the bending wave power flow in the cracked Timoshenko beam can be measured as
well by using a two-accelerometer array. So the crack may be diagnosed by comparing the vibrational power
flow of the cracked Timoshenko beam with that of the perfect Timoshenko beam.

5. Numerical results and discussions

In this paper, an undamped infinite steel beam with R = 2.5cm, modulus of elasticity £ = 200 GPa,
Poisson’s ratio v = 0.3 and mass density p = 7800 kg/m? is considered. The critical frequency f.=0./2n =
VkGA;/4n?pl = 3.76 x 10* Hz, which is very high. There is only a crack on its surface, if the crack depth is a,

the crack width b is y/ R? — (R — a)’. For cracked beam structure, the crack is situated at different positions ¢

and the crack depth a is a variable as well.

Fig. 3 (a) and (b) show how the input power flows of perfect and cracked Timoshenko beam vary over the
frequency range when changing the relative crack depth a/D and the relative location C/D, respectively. The
coordinate of X-axis is f{Hz), and the coordinate of Y-axis is log,o(Pin/F3) (dB). The frequency range is from 1 to
2000 Hz. From Fig. 3 it can be seen that both the input power flow of perfect beam and that of cracked beam
decrease with the increase of the frequency. The input power flow of cracked Timoshenko beam fluctuates around
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Fig. 3. Input power flow level of cracked beam. (a) a/D = 0.4, (b) ¢/D = 10.

that of the pefect beam and the amplitude of fluctuation increases when the frequency increases. It can be seen
from Fig. 3(a) that the input power flow curve fluctuates more and more quickly over the same frequency range
with increasing distance between the acting point and the cracked point. In Fig. 3(b), the degree of fluctuation
increases over the same frequency range when the relative depth of the crack changes from 0.2 to 0.5.

In Fig. 4, the coordinate of X-axis is the relative location ¢/D. When only changing crack depth and keeping
driving frequency constant, the shape of the input power flow curves is almost sinusoidal, though a/D is
different. The input power flow of the cracked beam fluctuates around that of the perfect beam. The
wavelength of different curves is identical, but the amplitude increases with increasing the depth of crack. It
can be seen from Fig. 4(b) that the wavelength of input power flow curve is shorter with increasing driving
frequency when the depth of the crack keeps constant. Moreover, the input power flow level decreases when
the driving frequency increases.

Besides the input power flow of Timoshenko beam, the transmitted power flows of perfect and cracked
Timoshenko beam are also considered. The calculated results reveal that for perfect beam the transmitted
power flows along positive direction x>0 and along negative direction x<0 keep constant and equivalent
under the same frequency except the near-field regions near acting point. The transmitted power flow along
one direction is half of the input power flow under the same driving frequency. For cracked Timoshenko
beam, when the driving frequency is fixed, the transmitted power flows along the two directions also keep
constant except the near-field regions near acting point and cracked point, but the two constants are different.
As damping is not considered, the transmitted power flows do not change along the propagating direction in
the far-field regions.

The ratio of transmitted power flow along positive direction to the input power flow of cracked beam
(defined by P../P;,) is shown in Figs. 5(a) and (b) when changing ¢/D and changing a/D, respectively. The
straight line is the transmitted power flow ratio curve of the perfect beam, which denotes the input power flow
is divided two equal parts propagating along positive and negative directions, respectively. For the cracked
beam, the ratios of the transmitted power flows along both sides of the acting point to the input power flow are
not equal, and the curve fluctuates around the straight line P/P;, = 1/2. However, the sum of the transmitted
power flows along both sides of the driving point is equal to the input power flow. It also can be seen that the
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Fig. 6. Transmitted power flow ratio curves of cracked beam (f'= 100 Hz).

characteristics of the transmitted power flow ratio curves are similar to those of the input power flow curves
when increasing ¢/D and a/D, respectively. When ¢ =0, P,/P;, = 0.5, which implies that the transmitted
power flows along both directions are equal when the acting point locates at the crack point, like the case of
perfect beam. Fig. 6 shows the ratio of transmitted power flow versus the relative crack location. The curves
are all sinusoidal. The wavelengths of the curves are almost identical for different relative crack depth, but the
amplitude increases with increasing crack depth.

From Figs. 3 and 5, it can be found that the changes of input power flow and transmitted power flow ratio
of cracked beam versus those of perfect beam are more evident when the driving frequency is higher. That is to
say, the power flow characteristics in the beam are more sensitive to crack’s parameters at higher frequencies.
Thus the acquirement of the power flow at high frequencies will be more effective. However, it is obvious that
the omission of shear deformation and rotating inertia results in a large bias error at high frequencies when
calculating the flexural power flow in one-dimensional structures [17]. Consequently, it is necessary to adopt
Timoshenko beam theory to calculate the flexural power flow at high frequencies.

In Fig. 7, the cracked beam’s input power flow levels calculated by both Euler beam theory and Timoshenko
beam theory are plotted, the perfect beam’s input power flow levels by using two theories being drawn likewise
to compare with the cracked beam’s results. From the figure it is clear that the cracked beam’s input power
flow level from Euler beam theory fluctuates around that of perfect beam from the same theory. The same
results about cracked Euler beam can also be found in Ref. [9]. For both the perfect beam and cracked beam,
the input power flow obtained from Euler beam theory are coincident with that from Timoshenko beam
theory when the driving frequency is much smaller than the critical frequency, but the deviation between the
two theories becomes very obvious with increasing driving frequency. For the cracked beam, it can be seen
that the difference of the power flow levels between the two theories is bigger than 6 dB when f/f. = 0.4.
Therefore, for the accurate analysis of the cracked beam power flow characteristics at high frequencies, the
consideration of Timoshenko beam theory in this paper is necessary and valuable.

When considering the structural damping, the complex elastic modulus £ may be introduced, where
FE = E(1+1in), n is the damping loss factor. By substituting E’ into the above equations of wave motion, the
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Fig. 7. Input power flow level of perfect beam and cracked beam using two theories.

solutions can be deduced as well. The numerical results indicate the relations between the power flow
characteristics of the Timoshenko beam and the information of the crack (location and depth) are similar to
those of undamped beam.

Based on above analysis, it can be found that the existence of the crack causes the change of flexural wave
motion in the Timoshenko beam, and the numerical results demonstrate that vibrational power flow
characteristics of the Timoshenko beam are close related to both the location and depth of the crack. Define
the ratio of cracked Timoshenko beam’s input power flow to uncracked beam’s input power flow is the
normalized input power flow. The contour lines of the normalized input power flow could be plotted in a
figure from different combination of normalized crack location and depth under some specified frequencies via
the analytical solutions above, the figure having the normalized crack location and depth as its axes. Fig. 8
shows the contours of normalized input power flow of cracked Timoshenko beam when driving frequency is
1000 Hz. In order to be clear and readable, only part of the contours are plotted and labeled. The 0.88 contour
means the points on the curve have 88% input power compared to the uncracked beam. The location and
depth corresponding to any point on the curve would become the possible crack location and depth. The
contour lines from two different driving frequencies can be plotted together, and the intersection point would
indicate the location and depth of the crack. When more than one intersection point is obtained from the
merged figure, the contour from another driving frequency could be used to uniquely obtain the correct point,
which would indicate the crack location and depth.

For example, assume that certain crack exists in the Timoshenko beam. The normalized input power flow of
the cracked beam is 0.925 when the driving frequency is 1000 Hz and is 0.938 with frequency of 800 Hz. Thus
the solid contour with the value of 0.925 under 1000 Hz can be plotted in Fig. 9. The dash contour with the
value of 0.938 under 800 Hz is plotted in the same figure. It can be seen that there are two intersection points
for these two contours. So the dot contour with the value of 0.963 under 1200 Hz can be used to uniquely
obtain the final point, as can be seen from Fig. 9. The final point indicates that the relative depth is 0.3 and the
relative position 8 in this case. Therefore, according to the contour diagram of different frequencies, the
crack’s position and depth of Timoshenko beam may be detected. Besides the input power flow, the contour
lines of transmitted power flow can also be constructed to identify the crack.
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6. Conclusion
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This paper presented an approach to analyze the vibrational power flow characteristics of cracked
Timoshenko beam structures. The case of an infinite Timoshenko beam with an open crack is considered. The



226 X. Zhu et al. | Journal of Sound and Vibration 297 (2006) 215-226

wave motion and vibrational power flow characteristics under point driving force are researched. Changes in
input and transmitted power flows with respect to the crack location and crack ratio are obtained. The results
show that the vibrational power flow characteristics of cracked Timoshenko beam are extraordinary related to
the crack location and crack depth, especially at high frequencies. Contour lines of input power flow under
different frequencies are constructed to identify the crack position and depth.

The research in this paper provides guidance to crack detection by measuring the vibrational power flow of
cracked Timoshenko beam. It should be pointed out that the power flow characteristics are not very sensitive
to small cracks (a/D <0.1), so the method lacks accuracy for some small cracks. The application of the method
may suit the moderate cracks. As a global crack detection method, it is believed that this method provides a
simple and useful tool to detect a crack without the access of the whole Timoshenko beam structure. Further
work will be done to investigate the cracked finite Timoshenko beam’s power flow characteristics and diagnose
the crack based on the power flow analysis presented in this paper.
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